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Two general rules on counting

[X1 X Xo X -+ X Xi| = | Xq] - | Xa| - - - | Xkl
IXs UXo U+ U Xi| = [X1] 4 [Xa| + - -+ + [ Xkl
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Let X be a set, |X| = n. A sequence (X1, ..., Xx) is @ permutation of X, if
@ X{,...,Xk € X;
@ if i # jthen x; # X;.

| \

Definition
Let r € C, k € N. The k-th falling factorial power of r (Arvu r kahanev
k-faktoriaal)is rk = r-(r—1)---(r—k +1).

I'd rather avoid the notation (r), to reduce overloading.

Let P(n, m) be the number of permutations of size m of a set of cardinality
n. Then P(n,m) = n™.
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Definition

(”)=|{Yg{1,...,n}| 1Y = m)|

(o)== 7=

Also, if r,k € Nthen rk = rl/(r — k)!.
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Pascal’s triangle: values of (,’;)

(”):(”‘1)+(”_1) ifn,m e N\{0},n > m

m m-—1

mmi0 1 2 3 4 5 6 7 8
01
111 1
211 2 1
3|1 3 3 1
411 4 6 4 1
5/1 5 10 10 5 1
6/1 6 15 20 15 6 1
711 7 21 35 35 21 7 A1
8/1 8 28 56 70 56 28 8 1

Exercise: extend Pascal’s triangle to arbitrary n e N, m € Z.
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Generalizing (,’7’1)

(n)_ ”Fm, fneN,meN
m] 0, if ne N,meZ\N

o ris defined for any r € C.
@ So we could define

(r)_ C, ifneCmeN
m) 0, ifneC,meZ\N

Does the Pascal’s triangle identity still hold? It does if m < 0. Otherwise. ..
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Polynomial interpolation

Theorem

For any (ao, bo), - . ., (an, bn) € C? with a; mutually different, there is a
unique polynomial f of degree at most n, such that
Vie{0,...,n}: f(a) = b;.

Existence. )
X—a
j
Pi(x) = ]_[ —

j#i

is a polynomial of degree n, such that Pi(a;) = 1 and Pj(a;) = 0, if j # i.
Take f = ZIU:O b,'P,'.

Uniqueness. If f and " are both such polynomials, then (f - f') is a
polynomial of degree < n, but with > (n + 1) roots. Hence it is constantly
0. O

v

Peeter Laud (Cybernetica) Discrete Mathematics, Sth lecture November 8th, 2012 7182



Equality of polynomials

If two polynomials of degree at most m agree on at least m + 1 different
points, then they agree on the whole C.
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Equality of polynomials

If two polynomials of degree at most m agree on at least m + 1 different
points, then they agree on the whole C.

° (,’,‘7) is a polynomial of degree at most m.

o (1) + (X} is a polynomial of degree at most m.

@ They agree whenever x € N\{0}.

(r)_(r_1)+(r_1)foranyreC,meZ
m m m-1

Hence
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Extended Pascal’s triangle

mnm|-2 -1.0 1 2 3 4 5 6 7 8
-4/ 0 01 -4 10 -20 35 -56 84 -120 165
-3 0 01 -8 6 -10 15 -21 28 -36 45
-2/ 0 01 -2 3 -4 5 -6 7 -8 9
-1 0 01 -1 1 -1 1 -1 1 -1 1

0y 0 o1 0 O 0 O 0 O 0 0
110 01 1 O 0 O 0 O 0 0
2,0 01 2 1 0 O 0 O 0 0
3| 0 01 3 3 1 0 0 O 0 0
4/ 0 01 4 6 4 1 0 O 0 0
5/ 0 01 5 10 10 5 1 0 0 0
6/ 0 01 6 15 20 15 6 1 0 0
710 o1 7 21 35 3 21 7 1 0
8/ 0 01 8 28 56 70 56 28 8 1
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Extended Pascal’s triangle

(;):(—1)k(k_£_1) reCkeZ

Lemma

k= (—1k(k - r-1)k

v

The theorem holds if k < 0. If k > 0, then use () = r%/k! and the lemma.
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Newton’s binomial formula

Theorem

n
(x+y) = (;)me"m X,y €C,neN
0

3
I

Proof.

(x+y)"=x+y) (x+y) - (x+y)

n

When opening the parentheses, there are (r’;) ways to pick m times x and
(n—m) times y. ]

| A

Corollary
o () +()++()=2
o ()-(N£-+(1"()=0ifn=0
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Generalization of Newton’s binomial formula

(x+y) = Z(,;)xmyr‘m x,y,reC,|x/yl <1

@ |x/y| < 1 is necessary for the absolute convergence of the sum.
@ Cannot use polynomial argument to go from n to r because the sum
is not a polynomial.

Theorem is equivalent to

(1 +2) = i(r;)zm 2l <1 .

m=0

Absolute convergence of the sum is not too hard to show.

()27

e If mis large then '(mL)zm*‘l ~ |2] -
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Generalization of Newton’s binomial formula

(9]

(x+y) = Z (r;)x’”y’_m x,y,reC,|x/yl <1

m=-—oo

@ |x/y| < 1 is necessary for the absolute convergence of the sum.
@ Cannot use polynomial argument to go from n to r because the sum
is not a polynomial.

Theorem is equivalent to

(1+27=)

(r)zm 1zl <1 .
4 \m

Absolute convergence of the sum is not too hard to show.

()27

e If mis large then I(mi1)zm+1l ~ |2] -
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Proof of the generalized Newton’s binomial formula

o Letf(z)=(1+2)".

@ Note that '(z) = r(1 +2)"", f(z) = r(r—1)(1 + z)"2
o In general, f(M(z) = rm(1 - z)™™.

@ Expand f as Maclaurin series:

®  £(m) © . m(4 _ O\—-m ©
f(z) = Z 740) m(!o)zm = Z i Ul m!O) z" = Z (r;)zm
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Many more simple identities

Identities can be proved using combinatorial or algebraic arguments.
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Important special case of Newton’s binomial formula

e A

0 1-1
= (M e
m
m=0
B i (m + n) m
m=0 m
Multiplying both sides by z" gives
z" - (m + n) mn
e — — Z
(1 - z)nt+t m;ﬂ m

Peeter Laud (Cybernetica) Discrete Mathematics, Sth lecture November 8th, 2012



Permutations with repetitions

Definition

A multiset (or bag) is a pair (X, 1), where X is a set and u : X — N\{0}.

@ Think of u(x) as the number of times x appears in X.
@ The cardinality of (X, u) is X yex 1(x).

A permutation of a multiset (X, i) is a sequence (xi, ..., Xn), where
@ Vi:xjeX;
@ Vx € X : the number of occurrences of x in (x1,..., Xp) is at most
H(x)

| A\

Theorem

Let X = {x1,..., Xk}, u(Xi) = mi, n = my + ...+ my. The number of
permutations of multiset (X, ) of length n is (,, 7 )= i
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Properties of multinomial coefficients

Theorem (Newton’s multinomial formula)

(x1 4+ xk)"

Il
—_
3
=
3
=
~————
X
3
Z‘X§

Theorem

Letn=mqy +---+ mg

e e oy
my,..., Mg my ma Mk
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Combinations with repetitions

Let |[X| = n. How many multisets (X’, 1) of cardinality m exist, if X" € X?
Denote by F(n, m).

Theorem

F(n,m):(n+m_1)

| A

Theorem

F(n,m)=F(n-1,m)+ F(n,m-1)

\
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Inversion

Letf,g: N — C.

ot = Y ()1t = 1) = Z() (~1)"a(k

k=0 k=0
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Permutations fixing a number of points

How many permutations 7 of n elements are there, such that 7(x) = x for
exactly k different x € {1,...,n}?
@ Let h(n, k) be that number. We have
o nl =7 _oh(nk)
e h(n,k) = (})h(n-k,0).
@ Denote D; = h(i,0)

n! = Zn: (Z)Dn—k = i;)( B k)Dn k= Zn] (:)Dk

k=0 k=0
Dn:(_”nkZ::‘)(k) k' Z( 1)n+k (n- .k)| IZ kl
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Generating functions

Definition

Let (an)nen be a sequence (with entries in C). The (ordinary) generating
function for (an)nen is A(z) = X anz".

@ The function (sum) A may be viewed in two ways
e As an analytic function (converging if |z| is sufficiently small)
o as a formal sum, i.e. the sequence ay, as, ap, . . .
@ The first view introduces a lot of operations, simplifications, etc. on
generating functions.
e Addition, multiplication, composition, differentiation, integration, ...
o Relations between them.

@ They remain valid also for the second view.
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Example 1

Evaluate S = ZLO(_1)i(lip)(kTi)'
o Let G(2) = I (,)7' = g5
o Let H(z) = X2, (T)(-1)f+Z = (-1)k(1 - 2).
@ The product of two sums is

S 0FH B 0he)- EE v

when grouped by powers of z.
@ G(z)-H(z) = 2"(-1)k- (1 = z)mn=1 = zn P (m—p—1)(_1)i+kz,-

i
m—n—1)

@ Equating coefficients, we get S = (-1 )"( i
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Example 2

Solve the recurrence a, = 2a,_1 — @p-2 + (’”nt”) withag =1, a; = m.

@ The conditions as a single equation valid for all n € N:
m+n
an = 2ap_1 _an—2+( m )_3'[’7:1]

here a_1 = a_» = 0, [true] = 1 and [false] = 0.
o LetA(z) = X panz".
@ Multiply both sides of recurrence with z". Add over all n.

M) = Yar =2 avz= Y anaz+ Y (e oz
n=0 n=0 n=0 n=0

o] [Se] .1
_ n_ ;2 n _
= 2z E anz" -z E anz +(1_z)m+1 3z
n=0 n=0

1
= (2z- zZ)A(z) + m -3z
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Example 2 - cont.

@ Solve for A(z2)

1 3z o (N+m+ 2 %
A(z) = - => - > 8(n+ 1)
@) =Ggme  T-2p n_o( m 2 )Z 2 (n+1)z

Hence a, = (”;’Ez) -3n= (”*’r',”rz) -3n.
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Example 3

Solve the recurrence a, = 1 + Zf’:‘g aj, where gp = 1.
@ The recurrence actually also determines ag (empty sum = 0).
@ LetA(z) =X panZ".
@ Multiply both sides of recurrence with z". Add over all n.

00 00 n—1 00 0 0
Aw) = Ya =31+ Ya) (L 2) (Y D )
n=0 n=0 i=0 n=0 i=0  n=i+1
1 N i N n
= 1_2"-(2(;8,'2) (;Z)
= 7z HABTT

@ Hence A(z) = = = ¥ ,2"2".
@ g, =2"
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Example 4

How many ways are there to tile a 2 x n rectangle with 2 x 1 dominoes,
such that there are m “horizontal” dominoes?
@ Let hy, be the correct number.
o hpo=1.hym=0if m>0.

@ hopon=1. hopiy2n =n+1.
o hn,2m+1 =0. hn,m =0ifm>n.

() hn,m = hn—1,m + hn_g,m_g ifn>2 m3>2.

@ Try to write equation for h, ,, that combines those and is valid for all
m,n €N, assuming h,m =0ifn<0orm<O0.

hom = hni,m + hn—2m—2 + [n=0A m = 0]

@ multiply both sides with z"w™ and sum over all n and m.
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Example 4 (cont.)

H(z,w) = Z hpmz"W™ = Z hp—1.mz"w™ + Z hn-2.m-2Z"w" +1

m,n=0 m,n=0 m,n=0

= zH(z,w)+ Z2w2H(z,w) + 1

k
1 I
Hiz.w) = mzzmzw ZZ()” WAk

k=0 =0 i=0

Hence the number of tilings is (" "/?) = (™72} (only if m is even).
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Example 5

How many ways are there to tile a 3 x n rectangle with 2 x 1 dominoes,
such that there are m “horizontal” dominoes?

@ Let unm be the correct number.
@ Ingeneral: Uy m = Un—2.m-3 + 2Vam.

@ V,m — number of ways to tile a 3 x (n — 1) rectangle plus an extra
corner with dominoes, including m horizontal.

@ Vpm = Up-2,m-1 + Vn-2,m-3-
@ Corner cases:
@ Upyim = Vepyim =0
® Upo=1 Uym=0ifm>0.vym=0.
Unm = Up-2.m-3+2Vam+[n=0Am=0]
Vam = Un—2m-1+ Vn-2,m-3
Let U(z,w) = X 1o Unmz"W™ and V(z,w) = 3% o VamZ"w™
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Example 5 (cont.)

U(z,w) = Z Up—2.m-32"w" + 2 Z VamZ"w™ + 1
m,n=0 m,n=0
= Z2wlU(z,w) +2V(z,w) + 1
V(z,w) = Z Un-2m-12"W" + Z Vn-2,m-3Z" W'
m,n=0 m,n=0

= Z2wU(z,w) + Z2w®V(z, w)

Solving for U gives

2113

1-z°w

Uz.w) = (1 — z22ws)2 — 222w

this can be manipulated as. ..
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Example 5 (cont.)

U(z, w)

1 - 22w3 _ (1 _ ZZWS)—1
(1 - 22W3)2 —22w 1= 222W(1 _ 22W3)_2

02w \F & okz2kyk
1—z2w3 (1—z2w3 ) :éw

N 2k+’ K 2k+2i. k+3i
ZZ( ok )22 w

k=0 i=0
Z [nand m—n/2 are even]((Sn 2m)/4)2(3n 2m)/4 zn
n,m=0 (83n-2m)/2
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Example 6

A permutation 7 is an involution if # = 7~1. How many involutions of n
elements are there?

@ Let aj, be the correct number. Then a, = ap—1 + (n—1)an-2+[n = 0].
@ Multiply both sides with z", sum over n.

Z anz" = Z an-1z2" + Z(n —1)ap-2z" + 1
n=0 n=0 n=0

= ZA(z) + 22+ 2° i(n +1)anz"™ +1

n=1
= zA(z) =22+ 2°A'(2) + Z2(A(z) - 1) + 1
= (z+2%)A(2) + 2A’(2) + 1

L= e T

A(2)
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Linear 1st order inhomogeneous diff. eq.-s

http://en.wikipedia.org/wiki/Linear_differential_equation

General form:
y' +f(x)y = g(x)
General solution:

y = e a) (fg(x)ea(x) ax + C) where a(x) = ff(x) ax

It's probably hard to read out the coefficients of z" from this expression
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Example €’
Let b, = a,/n!. Then b, = (bp—1 + bp—2)/nif n > 0.

(o) (o) (o)
Z nbpz" = Z bp_1z2" + Z bp_oz"
n=1 n=1 n=1

zB'(z) = zB(z)+ z°B(2)
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Example €’
Let b, = a,/n!. Then b, = (bp—1 + bp—2)/nif n > 0.

(o) (o) (o)
Z nbpz" = Z bp_1z2" + Z bp_oz"
n=1 n=1 n=1

B'(z) = B(z)+z B(2)
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Example €’

Let b, = a,/n!. Then b, = (bp—1 + bp—2)/nif n > 0.

(o) (o) (o)
Z nbpz" = Z bp_1z2" + Z bp_oz"
n=1 n=1 n=1

B'(z) = B(z)+z B(2)
Z—S = (1+2z)B
% = (1+2)dz
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Example €’

Let b, = a,/n!. Then b, = (bp—1 + bp—2)/nif n > 0.

(o) (o) (o)
Z nbpz" = Z bp_1z2" + Z bp_oz"
n=1 n=1 n=1

B'(z) = B(z)+z B(2)
db = (1+2z)B

(£~ [aene
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Example €’

Let b, = a,/n!. Then b, = (bp—1 + bp—2)/nif n > 0.

Z nbpz" = Z bp_1z2" + Z bp_oz"
n=1 n=1 n=1
B'(z) = B(z)+z B(2)
aB
- — B
e (1+2)
f% = f(1 +z)dz
InB = z+2z%/2+C
B(z) = 712

Here C = 0 because InB(0) =Inby =In1 =0.
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Example 6’ (cont.)

e? =y, 2'/il.

z4+z%/2 R l /o\n __ ShS 1 (n n+k
2 = Y Lz l2) _Zoz_zkm(kz
n

n=0 n k=n
(o] o0 1

= 3 Y el
m=0 n=[m/2]

2"1B(2) = ),

ap=n[2"|B(z) = | L: Zn: (n):”"

The last sum could be summed from —co t0 0.
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Example 7

How many legal strings of n pairs of parentheses are there?
@ Let ¢, be the number. ¢g = 1.

@ By considering the shortest non-empty prefixes of legal strings that
are themselves legal, we get ¢, = Yi_; Ck—1Cn—k + [n = 0].

C(z) = i cnz" = i(i Ck—1Cn—k)Z” +1= z(C(z))2 +1

n=0 k=1

At the point z = 0, the numerator should be 0, because C(0) = ¢ is finite.

Hence C(z) = (1 - V1 -4z)/2z.
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Example 7 (cont.)

1-4z = i( ) _1—4zi21n( 1/2) 4yr-1 701

n=0 n=1

[ee)

olz) = ,,Zg, ( 1n/2)( 4)nzn:;(2nn)nj'j1
because
(—1/2) _ (—1/2)~(—3/2)---(—(2n—1)/2):(_1_)”1-3---(2n—1)
| |
’ B _1”1-3--~(;’—1) 2-4---(2n) _2_1"(2nr;.!
B (4) n! ' n! _( 4) n - nl

- (=] (%)
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Example 8

@ Fibonacci numbers: fo = 0,f; = 1,1, = fr_q + fr_o.
@ Generating function: F(z) = z/(1 — z - 22).
Show that fo + fi + -+ fp = fryo — 1.
@ GF of the LHS: F(2)/(1 - 2).
@ GF of the RHS: (F(z) - z)/z2 -1/(1 - 2).
These GFs are equal.
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Formal power series

Definition

A formal power series is a sequence A = (ap)nen, of complex numbers.
A is polynomial if it has finite number of non-zero entries.

@ Think of AasasumA(z) = X ,anz".
@ Denote a, also by [z"]A(2).

Definition

Operations with formal power series:

[2")(A + B)(2) = [2"]A(2) + [2"]B(2)
[2")(kA)(2) = k- [2"]A(2)

[2"](A-B)(2) = ) [Z1A(2) - [2"1B(2)
i=0

AK—A.A.. A
K
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More operations

Reciprocal
A-'isaFPS,suchthat A- A~ = A~". A = 1. It exists iff [z]A(z) # 0.

Composition

AoB= ) [2"|A(2) B"
n=0

It is well-defined if A is polynomial, or [z°]B(z) = 0.
Exercise. Define A", where r € C.

Differentiation and integration

A E) = (00 IAC)
27 [ A@) = 1z A)
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Sum of a subseries

e Find X, r(7).
e Answer: (1+r)™.

@ Find 3% 0r2”(2n)
o l.e. we want to take every second component of the previous sum.

If A(z Z an2", then A(z) + A(-2) =2 ) ap,2”"
n=0 n=0
Answer: ((1 +nN"+(1- r)’”)/2.

e Find X, (7).
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Taking every third element

17+ (=1)" 1, ifniseven
0, ifnisodd
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Taking every third element

17 4 (=1)"
2
1n+wn+w2n
3

if nis even

if nis odd

if n is divisible by 3

if nis not divisible by 3

where w = (-1 + V3i)/2. Then «? = (-1 — V3i)/2.

Hence

3 Z a2’ = A(2) + A(wz) + A(w?2)
n=0

= 3n

i r3”(m) D"+ (1 Fwn)™+ (1 + Pr)"

3
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An interesting identity

Taking r = —1 in the previous identity gives us

S = (o) = (- - ohy)s

n=0 n=0
1((3-V3i)" (3+ V3i\"
(=)
_ e ‘/g)m((cos 30° —isin30°)™ + (cos 30° +isin 30°)™)

= 2.3M2cos(m-30°)
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Inversion again

Let (fy)ner @and (gn)nen be sequences. Then

gn = Zn] (:)(_1)kfk & fh= zn: (Z)(—ngk

k=0 k=0

Let F, G be corresponding generating functions. Then

G(2) i gn2" = Z Z( ) )<fe2"

n=0 n=0 k=0
= Z(‘”ka(k) = ), (Nt
k=0 n=k k=0
1 -z
= Fl )
1-z \1-2z

Inversion states: G(z) = F(-z/(1 - z))/(1 - z) iff
F(z) = G(-z/(1 - 2))/(1 - 2).
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Inversion with exponential generating functions

Let F(z) = X0 fnf,—'; and G(z) = X7 gnf,—'; be exponential generating
functions of (f,)nen @and (gn)nen- Then
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Exponential generating functions

@ Formally: sequences of integers (an)nen-
@ Interpreted as formal sums A(z) = X", anz"/nl.
@ Denote [z"/n!|A(z) = ap.
Exercise. What are
e [z"/n(A + B)(2),
e [z"/n!](A - B)(z2),
e [Z"/nl]A’(2)?

Peeter Laud (Cybernetica) Discrete Mathematics, 10th—11th lecture November 22nd—29th, 2012 46/ 82



Answers to the exercise

Peeter Laud (Cybernetica) Discrete Mathematics, 10th—11th lecture November 22nd—29th, 2012



Example: Exponential generating function for Fibonacci

numbers

00 2N 00 2N 00 2N
Z):Zofnm - an_1m+2fn_25+x
n=
F"(z) Z fn+1— + Z . = F'(2) + F(2)

or F” —F' —F =0.
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Linear homogeneous diff. eq.s with constant coeff.s

http://en.wikipedia.org/wiki/Linear_differential_equation

Let the solutions of
X"+ax" 4 apx+a,=0
be ¢y, ... ckx with multiplicities ry,...,r (thenry +--- 4 rx = n).
Then the solutions of
y™ +ay™) .+ an gy’ +any =0
are linear combinations of functions of the form

x'e¥  (je{l,....khLte{0,....—1}) .
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EGF for Fibonacci numbers (cont.)

&

1+

2

XE-x=-1=(x=-¢)(x-9). ¢.¢=

F(2) = Cie? + Cpe??

Initial conditions 0 = fy = F(0) and 1 = f; = F’(0) give us C; = 1/ V5 and
C> = —1/5.

F B e¥? — 92
@ s
e = -
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Proving an identity of Fibonacci numbers

5 (n
> f,-(,.) = fon
i=0
(Reimo Palm, Diskreetse Matemaatika Elemendid, Ex. IV-10)
@ LHS equals [z"/n!|F(z) - €%.
e e?isthe EGF of (1,1,1,...)

e(@t1)z _ o(o+1)z B e’z _ oz
V5 V5

1 —
%(qﬁn _ ¢2n) _ f2n
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Objects with a number of properties

Let X be a set. Let there be r predicates Py, ..., P, given on X. Let
@ pc, where C C {1,...,r} be the number of elements satisfying all IP;
forie C;
® pn = Xcj=nPC;
@ gc, where C C {1,...,r} be the number of elements satisfying all P;
for i € C and none of P; for j ¢ C;

@ gn = Xic1=n 9c be the number of elements satisfying exactly n

predicates.
pc = ZQC’
c'2C
o (k o (k
P = ¥ Sae=Y (o] X ae=Y )
|Cl=nC’2C k=n |C’|=k k=n

Let P, Q be ordinary GF-s of (pn)nex and (gn)nen-
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Principle of inclusion-exclusion (p.i.e)

elimineerimismeetod

P(z) = anz —ZZ( ) kz"zqug(:)Z”zqu(HZ)k

n=0k=n
= Q(z—i—1)

The number of objects with no properties is

r

= 0(0) = P(-1) = > (-1)"px

n=0

The number of objects with exactly m properties is

(m) (m)(— r m !
an =T = T = Y = =0

m! m!
n=m
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Number of surjective functions

How many surjective functions are there from {1,...,s}to {1,...,t}?
@ X — all functions from{1,...,s}to{1,...,t}?
@ Define P by Pi(f)  Aj: f(j) =i. (ie{1,...,1})
@ pc = (t-|Cl)5.
® pp= (;)(t - n)s.
@ The number of surjective functions is

! t
= Y Je- o
n
n=0
The number of partitions of s-element set into t parts is

s\ _ @\ (D)(t-n)* (=1)""n°
{t}_t_?_z ant—n)l

n=0

(Stirling numbers of second kind)
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Stirling numbers of second kind

“Mixed” generating function:

0 t 1tnst|zs ;
S(z.w) = Z{j} Zz(m t)— l;l T

s,t=0 s,t=0n=0
W ) s (02)
B ;) t! r;)( 1)(n)SZ:;) s!

S (W) o, o\ (W),
= t; 2 1)(n)e _; (1)
_ ew(ez—1)

We can find a recurrent relation from it:
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Stirling numbers of second kind

oW(er=1) _ Z {j}z_fwt
s!

Take logarithm of both sides

w(e? =1) =In {820 {7}?—7#)

Differentiate with respect to z

z Zs 1 X 0{ }(§S11)|Wt ~ 2si=o {SJtH} w!

o0 S| z8 it o0 t
Zs,t:O{t}s!W Lsit= 0{} w

we

Clear the fractions
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Stirling numbers of second kind

S [S\ 2 e N s
Z{t}aw ¢ = Z t s

s,t=0 s,t=0
S
Sfens = S CH)
sl ~i\n t
s 1
Zwt|RHs = {7
sl t+1

e We have found {$11} = 35 (S){7}.

@ ...which has a nice combinatorial interpretation.
: -1 -1
Exercise. Show that {f} = t{st }+ {f_1}.
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Connected labeled graphs

How many connected labeled graphs with n vertices are there?

@ Let d, be the answer. Let h, be the number of labeled graphs with n
vertices.

e h, = 20,
@ Let D(z) and H(z) be the respective EGF-s.
@ By considering the connected component of the vertex labeled n, we

get
n-1
( B 1)dkhn—k

k
n n nfn-1
(k)kdkhn_k (because (k) = F(k 3 1))

This gives us recursive formula for d,. Let us also find the generating
function.

hn —

nhn —

n
k=0
n
k=0
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EGFs of nh, and d,

http://en.wikipedia.org/wiki/Exponential _formula

0 n
ShE = H@)
n!
n=0
& ZNn sl zn—1 & nY ,
Z nhnm = ZZ nhp, = Z(Z h,,—|] = zH'(2)
n=0 n=1 n=1

zH'(z) = zD'(z)H(2)

D(z) = InH(z)+C

and C = 1 because dy = D(0) =1 and hyp = H(0) = 1.
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Making change

There are coins of size ¢y, ..., cx cents. How many ways are there to pay
n cents?

Let Ci(z)) =1+ zI.C' + zich e =1/(1- zici)_
[z™]Ci(z) is the number of ways m cents can be payed with c;-cent
coins only.

[ -+ 27%*]C1(21) - - - Ck(2k) is the number of ways
mycy + - - - + mgck cents can be payed using my ¢y-cent coins, mo
Co-cent coins, etc.

If we set zy = --- = zyp = z, then [2"]C4(2) - - - Ck(2) counts the
number of ways n cents can be payed in any manner with coins of
worth ¢y, ..., ck cents.

@ The ordinary generating function is

1 n
C(2) = (1-z0)(1 —z%)--- (1 - 2%) nz_:d”z
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A recurrent formula

Let us differentiate. . . .
(/01 =29 = [-1/(1 = 27 [e2* ) = 5 ¢

. 1-z¢  1-z¢
C'(2) = (2, ¥ ) o)

(9

Z(n + 1)dp12" = [Zk: i ci[n mod ¢; = —1]2”] (i dnz”)
i=1 n=0 n=0

n=0

Leta, = {(i,j)lie{1,...,kLje{1,...,ci},nmod ¢c; = —1}|.

Note that a, = a,—y, where u = lem(cy, ..., Ck).
R
n=0 n=0 n=0
1 n-1 1 u-1
dn = - Z adp-j-1 = - [Z adn_j-1 + (n— U)dn—u]
=0 =0
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OGFs of certain sequences

ao,ai, az, as, . .. an Yo anZ"
1,0,0,0,... [n=0] 1
0,...,0,1,0,0,... [n=m] zm

m
1’1’1’1"" 1 1/(1_2)
1,c,c2,¢c5,... ch 1/(1 - c2)
1,0,...,0,1,0,...,0,1,... | [m]|n] 1/(1 = z™)
S—— S——

m-1 m-1
1,2,3,4,.. n 1/(1 - 2)?
(o) (): () &) () (1+2)
r\ (r+ r+2\ (r+3 r+n\ __ (r+n _ S\r+1
(r)’(1r2’(1r)’(r)’ (r)_(n) 1/(1 z)
0’155’5’29"‘ [nio]/n |n§

11 1

131’%’§aﬂ$ I ez
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OGFs of certain sequences

ap, a1, az, as, . . . an Zn_ anz"
0,1.5.%.5.... Hn = In

Fo. Fm. Fam. Fam, ... | Fom 1—(Fm_1+F:f1z)z+(—1)mz2
(b (b (b b+ | o) e
0,1,0,-2,0,%,... | [nodd](=1)Z /n! | sinz

1,0, 2I,0,%,0,... [neven](-1)2/n! | cosz

© Hh=2",+ 1 (harmonic numbers)

@ F, — Fibonacci numbers
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EGFs of certain sequences

n
an = 1 Z;o:() an% - ez

_|n 00 2" m _ w(e?-1
am,n—{m} Zm,n o@mnipW" =¢ =)

__(n S zZ".m _  z+wz
am,n - (m) Zm,n:O am,nmw =¢

_|n S z"m _ 1
am,n - [m Zm’n:O am,n n! w = (1—Z)W

° [r:)] — number of permutations of n elements with m permutation
cycles (see next lecture)

e Stirling numbers of first kind
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Counting exercises

@ In how many ways can a stripe of cloth with n stripes be colored with
k different colors?
e Turning around the cloth will not change the pattern.
@ In how many ways can a n-bead necklace be made from beads of k
different colors?
@ In how many ways can the corners of a cube be colored so, that 3
corners are red, 3 are green, 2 are blue?
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General task

@ There are sets X and C. We are counting functions f: X - Cina
certain manner.

o Letm=1X|,n=|C|.

o Let F be the set of functions from X to C.
@ We have a set of permutations § = {1, 72,..., 71} C Sx.

e f,g: X » Careequivalentifdi: fom = g.

o We count equivalence classes of functions, not functions themselves.
@ Let us call the functions f : X — C the colorings of X.

e Their number depends on the structure of § and on the number of
colors.

@ § determines the size of X.
o Let t, g denote the number of colorings.

@ Later we also handle the case where the number of uses of each
color has been given.
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Groups and subgroups of permutations

@ The set Sx of all permutations of X is a group wrt. the composition
operation o:
@ Sy is closed wrt. o: if my,m0 € Sx, then mo o 11 € Sx;
@ o is associative, there is unit element, each element has an inverse.
@ A subset H C Sy is a subgroup of Sy if

o H is closed wrt. o;
o the identity permutation belongs to J;
o J is closed wrt. taking inverses.

Denote H < Sx. The set H is then also a group wrt. o

The set of permutations G in our task must be a subgroup of Sx.
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Equivalences generated by permutation groups

Let X be asetand G < Sx.
Define an equivalence ~g on X as follows:

Xg~gXo ©dneG:n(x1) =x2 .

Lemma. ~g is an equivalence relation.
The equivalence classes of ~g are called orbits.
o Let (x) denote the orbit of x — the equivalence class x/ ~g.

@ The set of all equivalence classes of ~g is denoted X/G.
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Size of orbits

Definition
fix(m) = {x € X|n(x) = x} (fixed points of 7 € 9)
Gx = {m € Gln(x) = x} (stabilizers of x € X)
I
=15,

@ Lety e (x).
@ Let Gy, = {re G|n(x) = y}. Let & be a fixed element of Gx_,.
@ 7 &omisabijection from Gy to Gy

Hence for each y € (x), there are |94| elements of G mapping x to y. O
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Number of orbits

Lemma (Burnside)

1
IX/S1 = i ) I (r)

ne§g

1 1
D Mx(m)l = D 15 = |9|X;m =18 D) 2 i =

neg xeX (Y)EX/SG X<(y)
1
S — =G| 1=19|-1X/9l|
DYDY
yYeX/G xey) (y)eX/S
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Permutations acting on colorings

@ letmre G < Sx. Letf: X — C.
@ Define the action (toime) of ron f: af = for™".
o Let7(f) = nf. Let G = (7|7 € G).
o Lemma. 7 € S5.
@ Lemma.
o (n’ om)f =’ (nf)and
onf=Feo @ =f
forany f,f',n,n’.
@ Corollary. § < Sg.
@ Each orbitof G is a coloring that is distinguishable from other
colorings.
@ t,g is equal to the number of orbits of S.

o We could compute it using Burnside’s lemma
e What are the fixed points of 7? How many are there?
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Permutation cycles

@ Sequence (x1, X2, ..., X;) € X" is a permutation cycle of = € Sy if
n(x1) = Xo, n(x2) = X3, ..., 7(Xr=1) = Xp, W(Xr) = X1.

@ Each permutation can be expressed as a “product” of its permutation
cycles. E.g. m:

x |1]2|3|4| 5/6|7[8[|9|10|11 |12
n(x)|4|6|3|7|10(21]9|5[12|11] 8

can be written (14 7)(26)(3)(5101289)(11)
o Cycles of length 1 are often omitted in the write-up

@ This write-up is unique up to cyclic shifts of each cycle and
permutation of cycles.

@ Let ¢(x) be the number of cycles of .
@ Let ci(m) be the number of cycles of r of length i.
@ The number of permutations of n elements with m cycles is [,’r’,]
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Permutation cycles of our example groups

Stripe of cloth with n stripes

Two elements:

@ The identity permutation.
o (1)(2)---(n)
e ncycles of length 1.

@ Turing the stripe over.
e (1n(2n-1)8n-2)---
e If neven: n/2 cycles of length 2.
e If n odd: one cycle of length 1 and (n — 1)/2 cycles of length 2.
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Permutation cycles of our example groups

Automorphisms of the graph C,

2n elements.
@ Rotation by k positions (0 < k < n-1)
e Letd =gcd(n, k).
e dcycles of length n/d.
@ Change of direction followed by rotation by k positions.

e nodd: 1 cycle of length 1 and (n — 1)/2 cycles of length 2.
e k and n even: 2 cycles of length 1 and (n — 2)/2 cycles of length 2.
@ k odd, neven: n/2 cycles of length 2.
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Permutation cycles of our example groups

Automorphisms of the graph Qs

o id
@ (235)(476)
@ (147)285)
@ (164)(358)
@ (167)(283)
253)(467

)

)

)

174)(258

—_ e N =N )R =) =)=

° (

° (

® (146)385
° (176)238
° (
° (
° (

LMo 2 NP
N O NN PP VMM NN
EFP R OO OO o
oo AN O 01 ®
=== === =X = =
<N o O OO NRT OO RRTRD

~

Q 00 00 N OO O N o N
e e
N

)
)
)
)

1243)(5687)
1573)(2684)
1562)(3784)

~
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Fixed points of permutations on colorings
f € fix(7) iff f is constant on each cycle of n. \

Hence [fix ()| = n°(™).

The number of colorings of X is

1 us
tng:@znd) )

el
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Weighed colorings

@ Let the weight of the color i € C be w(i) = z;.

@ Let the weight of the coloring f : X — C be w(f) = [Tyxex W(f(x)).
@ Lemma. If f o m = g, then w(f) = w(g). Thus we can write w((f)).
@ The pattern inventory is the polynomial

Wo(zi,....z0) = >, w((h) .

(HeF/~g
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Coefficient of a monomial in pattern inventory

o Letk = (ky,...,kn), where ky +--- + k, = m.
o Letz¥denote z! -- - Z¥".

o Let Jx = {f € T|w(f) = z¥}.

@ Any e Gisa permutation on F.
o Let fixk(7) = fix(7) N Fy.

From the Burnside lemma:

1
Ws(z1,....20) = @mek(?ﬂlzk
> k=m ne§
1 Z k
= = Ifixy (77)|z
| | n€G Y k=m
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Coefficient of a monomial in pattern inventory

o Letk = (ky,...,kn), where ky +---+ k, =m
o Letz¥denote z! -- - Z¥".

o Let Jx = {f € T|w(f) = z¥}.

@ Any e Gisa permutation on F.
o Let fixk(7) = fix(7) N Fy.

From the Burnside lemma:

W9(21,...,Zn) = §Z|ﬁxk ~)|Z

> k=m ne§

= |1§|Z Z |ﬁXk(E)|Zk
LISSEDY

k=m
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Coefficients of monomials for a single permutation

@ Whatis 87 = Y k= lfixk(7)2%?
@ Let f € Fk. Then f € fixk(7), iff f is a constant on each cycle of .

@ Let us sum over each cycle of &, assigning one of the colors 1,...,n
to each of them.

@ i.s Will be the variable storing the color of the r-th cycle of length s.

n—ZZZZZZ

I11—1 I1 01 ”)—1 I21—1 I202 In-,1 1 In.,Cm
H ... H 2 .. 2 ... m ... m
zl1 A z’1,c1 (n) ZI2,1 ZI'2,02(,,) im 1 im,cm(yr)

o LetMys =2 +25+---+ z;.
_ pgCi(n) Co(7) cm(m)
Sy = nj1 ~Mn,22n '--Mn d
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The pattern inventory

We’ve just proved

Theorem (Polya)

1
W9(21, . ’zn) = — Z Mﬁj1(ﬂ) .. Mgn;‘r(]ﬂ)
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The cycle index polynomial

The cycle index polynomial (tstiklilisuse indikaator) of G < Sy is

C1(7T) Cm(ﬂ)
Zg(Wi,...,Wnp) = |9|ZW

ne§g

Corollary

W9(21, v o ,Zn) = Zg(Mn,‘], coey Mn)m)
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