
Tutte theorem



Let G = (V;E) be a soimple graph. Mathing in the graphG is a set of edges M � E suh that for eah v 2 V wehave degM(v) � 1.The mathing M is perfet , if for every v 2 V we havedegM(v) = 1.In this leture we will give a neessary and su�ient on-dition for existene of a perfet mathing.Obviously, a graph has a perfet mathing i� all its on-neted omponents do. Thus it is enough to onsider onlyonneted graphs.There is a simple neessary ondition � the humber of ver-ties must be even.



This graph has no omplete mathing
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Graph G = (V;E)

Let G be onneted
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Graph G = (V;E)

Vertex set S � V
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and the inident edges
denote the resulting graph
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GnS is notneessarily onneted



GnS is notneessarily onneted
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GnS G1; : : : ; Gk:omponents of GnS
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G G has edges:

� between S and Gi-s� inside S and Gi-s
G has no edgesbetween Gi-s
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Where is the vertexLet v be a vertex in Gimating in G
mathed with v?

Let M be a perfet
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odd number of verties
these mathes in Sare all di�erent

If Gi has odd number of verties

math in Sthen there is a vertex with



Let odd(G) denote the number of onneted omponentsin G having an odd number of verties.We showed that if G = (V;E) has a perfet mating, thenodd(GnS) � jSj for any S � V .

Theorem (Tutte). GraphG = (V;E) has a perfet math-ing i� for every S � V the inequality odd(GnS) � jSjholds.

Proof. We showed neessity. Let's show su�ieny.



Assume to the ontrary that there exists a graph G, suhthat for any S � V the inequality odd(GnS) � jSj holds,but G has no perfet mathing.Note that odd(G) = odd(Gn;) � 0, thus G has an evennumber of verties.Add edges to G until we reah a graph G� without a perfetmating, but when any new edge is added, there will be aperfet mathing.Sine K2n has a perfet mathing, suh a G� must our.We will show that for every S � V we have odd(G�nS) �jSj.



It is enough to prove odd(G�nS) � odd(GnS).Graph G�nS is obtained by adding edges to GnS. How hasodd(�) hanged in the proess?Adding an edge may onnet 2 verties in� the same onneted omponent. odd(�) does not hange.� di�erent onneted omponents. Then two ompo-nents beome one.



� If both omponents had an odd number of verties,then the new omponent is even. odd(�) does nothange.� If one of the omponents was even and the other oneodd, then the new omponent is odd. odd(�) does nothange.� If both omponents were odd, the new omponent iseven. odd(�) dereases by 2.Thus, when edges are added, odd(�) an only derease.Thus odd(G�nS) � odd(GnS) � jSj.



We have shown that the proof will follow, if we an get aontradition from the following:There is a graph G� = (V;E�), suh that� it has no perfet mathing;� adding any edge will reate a perfet mathing;� for any S � V we have odd(G�nS) � jSj.
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Let S be the set ofall the verties beingonneted to all theother verties



There are two options:1. All the onneted omponents of G�nS are ompletegraphs.2. There exists a onneted omponent of G�nS that isnot omplete
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1st option

G� has a perfet mathing � a ontradition



Perfet mathing in G�-s:� in onneted omponents K2n of G�nS � within theomponents.� in onneted omponents K2n+1 of G�nS � within theomponents so that one vertex is left over.� the left-over verties of omponentsK2n+1 will be mathedwith verties of S.There are no more omponents K2n+1 than jSj.� the remaining verties of S will be mathed to eahother. There is an even number of remaining verties,sine the number of verties in G� is even.
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G� = (V;E�)
edgeno egde

H � omponent of G�nSH is not ompleteH 0 � H max. ompl. subgraph

y 2 V (H 0) and z 2 V (H)nV (H 0)x 2 V (H 0)w 2 V nS
G1 = (V;E� [ f(x; z)g)

Graphs G1 and G2 haveperfet mathings

G2 = (V;E� [ f(y;w)g)

H 0 H



Let M1 be a perfet mathing in G1. Then (x; z) 2 M1,sine otherwise M1 would be a perfet mating in G�.Let M2 be a perfet mathing in G2. Then (y;w) 2M2.Let G0 = (V; (M1nM2) [ (M2nM1)).
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Let v 2 V . What are the possible values of degG0(v)?There is exatly one e1 2M1 and exatly one e2 2M2 suhthat e1 and e2 are inident with v.� If e1 = e2, then degG0(v) = 0.� If e1 6= e2, then degG0(v) = 2.Thus the omponents of G0 are isolated verties and yles.The yles have an even length � the edges of M1 and M2alternate.



There are two ases:1. The edges (x; z) and (y;w) belong to di�erent ompo-nents of G0.2. The edges (x; z) and (y;w) belong to the same om-ponent of G0.We will onstrut a perfet mathing in G� in both ases.
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1st ase

(partially)

Perfet mathing in G�:

� M2 outside the yle C� M1 in yle C



G�M1M2 (partially)

Perfet mathing in G�:

� M2 outside the yle C� blue edges in yle C
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Corollary. In any 3-regular graph without bridges thereis a perfet mathing.
Proof. We will show that if G = (V;E) is suh a graph,then for every S � V we have odd(GnS) � jSj.LetG1; : : : ; Gk be the onneted omponents of graphGnS.
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Gi+1Eah Gi is onneted to S with at least two edges, sinethere are no bridges.



If jV (Gi)j is odd, then the number of edges with one end inGi and another one somewhere else, is odd. (Sine there isan even number of verties with odd degree in any graph.)All the degrees of verties in Gi are odd, thus the numberof edge ends outside Gi must be odd as well.Thus a Gi with odd number of verties is onneted to Sby at least three edges.



Let di be the number of edges with one end in S and an-other one in Gi.Let I � f1; : : : ; kg be the set of indies suh that i 2 I i�jV (Gi)j is odd. Then jIj = odd(GnS).So we have
3�jSj =Xv2S deg(v) �

kXi=1 di �Xi2I di �Xi2I 3 = 3�odd(GnS)

Thus jSj � odd(GnS) for any S � V . Tutte theoremimplies the existene of a perfet mathing. �


